
 

TheBochner Method

Broadly stated the BochnerTechnique refers to a family of methodsfor
obtaining whatare often topological conclusions about a manifold usinginformation about curvature and differential operators that live on the manifold

In portion we have several differentideas about what a Laplacian is
on a Riemannianmanifold and since the Laplacian is arguably the single
mostimportantdifferential operator it seems reasonable that we should try
to study how different incarnations of itmightinteract
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The Weitzenbock formulas
Since we apparently have two competitingnotionsoh a Laplacian on M

we shouldtry to figureout howthey relate
To this end it will be useful to cook up some technical results
that relatethe differentialoperators T and S to T and RT

Lemma1_i let Vi be an 0N frame for T M near Xc M and wi
its dual co frame Then

i I win Tri

fi S Ej Icv Dvj

Note Et is the interior multiplication operator whichacts on p forms by
sending WH Qu w Ca p i form defined by

Icu w X Xp i W V X Xp i

Prod This technique is generallyquiteuseful so lets go over it carefully

epI Show that the expression athand is invariantwith respectto
the choice of coordinates local frame etc

Step 2 prove the formulausing a consentient choiceof coordinates or

local frame Often the following is useful

Lemmy Given c M and an on base Vi of T M 3ON local
frame Vi for TM which is normal at with Vip Ui

Here normal at means that Tvivj G 0 Being torsion free
implies further that Vi Vj x O

Renate Geodesicnormal coordinates centered at satisfy all ofthe
above except that they need not induce everywhere ON vector
fields

Lets apply this techniqueto exhibitingtheproposed formulas for J andS



First let do wirTvi and So Ej H Pvj We aim to
show that I do and 8 80 and we begin by observing that if
Wi is anyotherlocal0Nfrom about with ni its dual co frame
then

winovi do Zin Tui
and

EjlfVjMvj So eEjitwjJTwjThisisas.y to checkbywriting Wi aidVj and ni bijWI for smooth
functions aid bij defined on the common domain of Vi Wi Note the
importantfactsthat ai b k Sik and that Cail is orthogonal
We now show thevalidity of the claimed formulas at Xen Since p was arbitry
theclaimwill the follow Let Xi benormal coordinates at and set
vi Lxi wi Jiri Sinceddo S So are linear it suffices to prove the
formulas where the argument has the form fwh wP reordering thebasis
if necessary For do we compute that

to f win nwp in w win rwP

win Drift win NWP tf Puig's AWP

win viLf w n n wP tf E w n riviwin NWP

and so at where Vj x Oviwi x O we get
to Lfw r NWP Cif win win rwPl d f w n nWP I

For So we compute that

So win NWP icy Oy fan nwo

Ejecvj Vjlf w n NWP tf Ewtn nighterWP 1
86 ZjiCVjVjLfJw r NWP Ix

Ej Vj f CDk Sjkwir rather nwp

Sj CDi Vj f win irwin nwp

Meanwhile S CDNP
t d so also at we have

S fair nwp jnCPtDttxtdLfwpt1nnnwnJ fDnlPtttttxtCwinPq.Cfwpth.r.nwn

fightptbtlyCf winWPth run

E LP t1sgn if D Cn i f Cp ViffWh voir WP

q ynCptDtl 1 n p CpDtp i vi f win nwTn AWP

Ei Ebi Wilt win irwin n WP Ok



Weitzenbock Formula I

let M be on orientedRiem mft Vi a localONframe and wi itsdual
co frame Then

D I E wineUj Rhi Vj

where D Jts dStSd is the Motge Laplacian on r.CM and
DO tr T2 0 0 is the connection Laplacian
Thus thesetwo Laplace operators differby some function of curvature

Cody toWFI_i D D on M and on rn M

Proof That Rui Vj annihilates COCM is clear since
R is a tensor and so R ViVj 5 FR ViVj 7 0

let wed M Then R lui Vj w Nij 4ij win AW
is also in MLM and so

gwin IV n Ej win icvjjqg.ir run

Ej win q.EU Ebh w4vjJwh nwur nwn

EjwinKDJ 1.4ijwh nw in Awn

4 ii win run

R Vi Vi n 0

Thus in eithercase thecurvature error term in WF I vanishes

Proof ofWFIe As a firststep check that bothsites are independentof
the choice of local 0W frame Vi

Next we verify that the formulahits at an arbitrarypenabout which we fix a Loc ON normalframe

Atp by normality
tr P2 E OviPuri qq.ve 2Ovilvi
R ViVj PiPj Tai y Di Tj



Now we compute at p that sinceOvewi p o

Sd E icyjoy wing

Ej ilVj TywinTvi twin vivo
Ej e Vj wink Ovi
Ei With E win ily Pv Pri

tr 2 t Ej win ECVj Tj Pvi
On theotherhand using that ICU Pru Tun ilVj at p

jg win Tvi Ej il Vj Dy
Ej win'll Vj Drilvj

Thus
A 28 8t tri Ej Winick R Vi Vj By

Using this formula we can establish a few more very usefulresults
Recall that C 7 on M induces a unique fibre metric on SP M
satisfying theformula

win nwr uh nz Let Lui ni
where Cwi ni is the canonical fibremetricon T TM Th s in
a local ON frame Vi with dual co frame wi we see that

win rwb IE E a ip E h

is a local ON base of DPcm

Weitze aI let M be as above cpt oriented and
let GerPCM Then

stop 100112 S p F ol
where

F ol f Ej win in Rbi Vj 10,07
Corollley If Gerecm is harmonic then

Is 1612 100112 F ol



Proof ofWFTt we againbegin bynoting that theformula is invariant
with respectto choice of an local frame so we pick an arbitrary
point pen and fix a local 0N frame which is no nd ah p

Beginning with W F I
S o solo Ej win icy R ViUj01

I
to 201 6 0,01 F ol

Now compute thet at p
trace 4 LEET vitriol 07

Ei vitriol livid12
2 Orion1012 tailor
OIs 11012 100112

stop 100112 Be

Let c r LM Then F ol Ric 450
Proof Fix a local on frame Vi with co frame wi Then if

10 01iwi 0 EiOlive so in particular

Ei Lol wi Vi
and thus

FCO Ej win it R ViVj ol Q

Ej ICV RLVi VjG wi lo

Ej 0CRCvicvjjvjkwi.cl
E Sto R ViVj Vj wid

Ej Rullo Vj Vj

Ricco of Be

Our Weitzenbick Formula for 1 forms thus reads

Is 10112 SAlo lo t 100112 Ricco of



We finish up this section by exhibiting two more formulas
that are generally very useful

Corday WeitzarbockFormula for vector fields
let Excon Then if Xber LM is closed

Is 1 12 5Mdiv X X t 10 12 Ric tix

Ref's Xbc R'LM and b is an isometry so by the above

sixth A1 42 Ss XbXb t 10 42 Ricci X
Note that b commutes with 0 so that 10 4 17 1

Moreover
s b jg b ggXb d SXb d DivX

where we use that divx S Xb Thus

LsXbXb CdcDivX Xb L doin X

grad law X X B

Corday Boehner's Formula
let f c CRM Then

Is 10712 Tsf Of 102712 Ric Lof Of

Pref Just notice that Tf has d f b d tf 0 and apply
theprevious formula



Applications of the Weitzenbock Formulas
First we introduce a few importantconcepts

Killing Fields

The Maximum Principle

The HodgeTheorem

And then we prove some results concerning

How curvature affects topology
The site of isometry groups ofRiemannianmanifolds

Eigenvalueestimates for the Laplacian

Gerding's Inequality

KillingFields
Def's A vector field XEHCM is a killing field if its localflaws

act by isometries

Drop let X be a killing Field TFAE

Leg O f Pur w Dw x V O
v TX is a skew symmetric lol tensor

Press A killingfield is uniquely determined by its values Xlp and
DX Ip at any pen

Putting these together we get

theorem If X is a killingfield then F 03 is a disjointunion
of totally geodesicsubmanifolds each of even co dimension

One last resultbefore we move on

theorem Theset of Kittyfields EsoMeg is a Liealgebra of time
M4

and a EsoMag is the Liealgebra
of Iso Mcg



Proposition Weitzenbeck formula for killingfields

let X EECM be a killing field Then

Is 1 12 10 12 Ric X X

Proof This can be easily establishedusing the typicaltechnique
with local 0W normalframes

It can also be established invarianthy as in Petersen let f EH
i gradf Tx X
Forevery v

gratf V Orf Pr X X Tx X V

in Ff LVV 19 12 12mWX X V

Tfw D Tvgradf v Trix X V

Rev DX v carat v thank u

Rm Vcx X V WX V

ChanX V PrivX V
lax 12 Rm Vinton
Lark x v sax Tx v

lax 12 Rm Vinton
Roux v

ItvXl Rmc v X X V

One more preliminary concept

theorem Elliptic strong maximumpnin.pk
a

q
Let P aid2 dj b Ii be a second orderellipticoperator

on an open to c IR with smooth coefficients

Suppose fc CRM is a subsolution ie Pf E O on tr then
if f attainsits maximums on info then f is constant Likewise if Pf30
and f minimum



Def A quantity on M is said to be quasi positive respnegative if itis everywhere non negative resp non positive and is strictly
positive resp negative at some point

TheoremCBochin let M be a closed Riem mfd with non positive
Igwe Ricci curvature Then every killingfield is parallel

If Ric is quasi negative then every killing field is zero

Pr Since Ric EO the killing fieldWeitzenbock formula tells us
tht

0 E SIX12 div grad1 12

so that 1 12 is subharmonic on M withrespect to the operator

dircgradf try2icigg Ijf
Since M is closed 1 12 must thereforebe constant so

10 12 Ric X X 0

Thus X is parallel and if Ric is negativedefinite at somepoint
we also get that DXIp Xlp 0 hence X E O

Ba

Altec Use Stoke'sTheorem if we haveorientability

10 12 Rican fmEs112 0

10 12 Rican O B

Corollary with M as abone t.in Iss Mcg din IsoCM.gl En
If Ric is quasinegative this Is ocmcg is finite

Pref Recall that Iso M g is a cowpat Lie group when M is compact
and that 2SOCmcg is spanned by killing fields

By Boehner's Theorem every killingfield is parallel so the linear
evaluationmap 2so Mig Tpm which sends XM Xlp is
injective Thus tu first statemt follows

for the second part we see tht every killing field is 0and so every connected component of Iso Mag is trivial By
compactness we conclude thek Iso Mis is finite if Ric is quasi positive.gg



Coral ley with CMTg as abone and p din EsoCmig we have
the isometricsplitting Fu N xIRP

Def We havein hand p linearly independentandparallelvectorfields on M
which we can liftto parallel vectorfields on MN

Fix any EM The parallelfields above give a reduction of
TM for the actor of Mol M g

TM Tt M HIM to TMM
where TMNT is the subbundle spannedby tenparallel fields which
is thus acted upon trivially byHolMag Note d n t M p

Since M is complete andsimply connected the Je12ham
Decomposition tells us that

M IsomIRPx N

Alternately Delesen has a proof using distance functions

we can make the parallel vectorfields on NT ON
and then each one arises as thegradient field of a
Gilferent distance function with vanishing Hessians

This allows us to Splitoff Euclideanpieces of themetric

g drat g r dr2 go

we do this for each of the p vector fields and getthedesired splitting
an



do we need this

Theoree Boehner 1948 LetM be a closetorientedRiem mfd with non negative
Ricci curvature Then everyharmonic 1 form is parallel
If Ric is quasi positive then every harmonic 1 form is zero

Proof Let c D Cm be harmonic Then W FIL for Harmonic 1 forms
yields

s a 10412 Ricco to CS0 d

So we see that 1012 is subharmonic henceconstant and
we concludeexactly as before We could have also used
Stoke'stheorem instead of the wax princ Ed

Corday let M be a closed oriented Riem mfd with Ric 0

Then b M En with equality holdingoff Mig is a flattorus

Proof If Il'CM denotesthespace of harmonic 1 formson M then
the HodgeTheorem implies that bi M din Ll Cn

ByBoehner'sTheorem everyharmonic 7 fern on M is parallel

Aside fgenevefpenetyfoggyparallel p
form is closedand co closed as a resultof

D winTv 8 E iWj Tvj
henceevery parallel p form is harmonic

Thus the linearevaluationmap from Il LM TFM which sends
a Wp is injective Lene b M En

Now suppose that equality is achieved so that there are n intpuses
parallel l farms on M By raising indices me obtain a parallel global
frame Ei for TM Thus Meg is flat

Now consider theuniversal cover I g ch Mcg which byflatness is UR go T1 M M acts on in iRh by isometries

Lifttheframe Ei to Ei on Rh which is again parallel and
thus constant By charging coordinates we can view Ec di the
standard coordinate neck fields

These neckfields areinvariant unter T Dyptdilp Tilyep However

thisimplies tht every yer mustbe a translation so M is F.g
abelian andfusion free Thus A 28 A Sone q



If qen then 28 generates a q din subspace V 42 and
if W is itsorthogonal complement then

M IR 128 VOW129 Vz Got W

contradicting compactness Thus g n so tht M is
a flat to us

Oh
Remake If Ric is quasipositive turn b m 0

What about the higher Betti numbers

DIE The curvatureoperator R PCMTM MAT M is defined via
the localformula

RCVirVj Rijkevurve
where Vi is a local 0N frame as usual

By thesymmetriesof R specifically Rijne Rueej we see that R
isselfadjoint andtherefore has real eigenvalues
we say that R is non negative positive quasi positive etc if
itseigenvalues have thatproperty

theorem Let g be closed and oriented and let 1 E Ks n l

If R 0 then everyharmonic k form is parallel so

bum e k bn In

If R is quasi positive then there are no nontrivial
harmonic k farms hence

balm1 0

Bohywiking R
chinstrap

Sig Ricci flow



Eigenvalue Estimates and Rigidity

Recall that by some functional analysis the eigenvaluesof A Cm IR
form an increasiy sequence

02 do X E Iz E

The correspondy ergentations are ofcourse smooth andtense in 2cm
Let's focus on the eigenvalues for now though

theorem Lichnerowicz

let Chang be a closedRiem mfd with Ric Ln 1 C for some C O Thu
X Z n C

Pro.fi Let fc Tcm Then at a point M atwhich we center a local0W
normal frame Vi

traf I 1 Priv f Triumf E in 102ft

In f 2 e 10812
Let f be an eigenfunction of S and apply this estimate to
the Bochner formula

sloth Tsf Of 102712 Ric Lof Of

Z 110 12 t Sf 2 1 Rid of of

210712 t InfSf Riccof of

Recalling Green'sformula

finesvtfmson.ru fun v.v thrive Cm

we can integite tie above estimate over M whichhas 2m20

O falter 3 f ft tE t Cn 1 c 10712M M

So that I th DC X E O 13mL as desired Ba



theorem Obata let M g be a closedRiemmfd wth Ric Cm4C
for some G O If I n C then

Mig is isometric to 8K gra

pref W LOG C 1 and kin

In theproof above we have tht

Ric Pf Pf k 1 1Of12

Recalling tht tf Zfs f 210712 we obtain usingthe Boehner formula Estimate above tht

D 17712 tf 2 3 f Sf n 10ft n 110712 fs.fi Pf
2
0

Sine tu integul of the LHS over M is 0 we conclude that

SUPER tf 2 0

Thus It f Rt f 2 2 for some constant 2

Now normalize f so that HfHp 1 At a maximin point
Of _0 so that we obtain 2 1 and tht max f 7 mint

Let pipeM best f p 7 ofCq 1 Let y o a M
be a minimizing geodesic connecting p and q If D fog
then

a 799.4 1

so tht after integrationfrom 0 to a

TIE a D pig

Thus deanCMg 371 but since Bonnet Myer implies diamthg eIT
by rigidity we conclude

Bo

Demate A more directproof oh Obata'sTheoremexistsCa J is quitebeautiful
In fact it can be rephrased as

TheoremCobata1962 A complete Riemmft Mig n 2 admits a nontrivial
solar Q M 112 oh

Messof tog k o

iff it is isometric to Sintra gra



Finally one last application this time to PDEs

theorem Gaonding's Inequality

Fci Cz O SI Vw c RPCM

Swa 3C Hallie CellWHL

proof By WFIL

Csw w slew12 t low12 C E win ily R vi Vj w w

short low12 a Iw12

where Az AI M R is since M is compact

Integrating our M we obtain

screw fulowR as fmlwr weakcoercivity

c HwHuf CellWhiz


